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Abstract. We use a Fglner type condition to define pseudo-amenable groups. We
then prove new characterisations of pseudo-amenable groups that are functional versions
of that condition. This allows us to show new results about these groups, which closely
mimic well-known results about amenable groups. For instance, we show that pseudo-
amenability is preserved under closed subgroups and homomorphisms.

1. Introduction. The study of amenable groups has become increas-
ingly important over the past few decades, with applications in a wide range
of mathematical areas, including ergodic theory, statistics, and even cellu-
lar automata [I]. Amenable groups are usually defined by the existence of
a left-invariant mean, however such groups have many different characteri-
sations, among which are the Fglner conditions. These conditions are often
combinatorial in nature; the most well-known one is the following:

(F) For every € > 0, and every compact set K, there is a compact C' such
that for every s € K,

(1.1) AsC A C) < el0).

Here X is a left Haar measure on G, and /A denotes symmetric difference of
sets. This condition was proved to be equivalent to amenability by Felner [6]
in the discrete case and Namioka [10] in general for any locally compact
group.

There are several variations of this condition that will be of interest to us.
The first of these is the Reiter condition, which can be seen as a ‘functional
version’ of Fglner’s condition. This condition is defined as follows:
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2 A. Vujicié

(R) For every e > 0 and any compact set C, there is some positive f € L'(G)
with unit norm such that

|s*f—fll1 <e foreveryseC.

Here we define s f to be the left translation of f by s, that is, (s f)(x) :=
f(s7'x). The main idea behind this paper is similar to the process above;
we will construct ‘functional versions’ of known combinatorial conditions in
order to obtain new results. We note here that there is nothing special about
the space L'(G) in this condition: indeed, we may replace it with any LP(G)
space for 1 < p < oo (the case p = oo holds trivially in every group) [7,
Section 3.2].

Another condition bearing similarity to was introduced and shown to
be equivalent to amenability by Fglner [6, Section 2|. In this case, however,
instead of a single translation, we allow finitely many:

(S) For every € > 0, there is some N € N such that for every finite set
E C G with |E| > N, there is a compact set C' C G such that

u;‘ SOASC\ €) < 2A(O).

selr

(1.2)

The first result of this paper will be to introduce a new condition which
one may see as a ‘functional variation’ of [(S) We shall show this new con-
dition is equivalent to , and hence amenability.

(FSp,) For every € > 0, there exists N € N such that for every finite subset
F C G with |F| > N, there is a positive f € LP(G) such that

(1.3) HZ(S s f— f)H <elB||fl, forall EC F with |E| > N.
seElr P
We note that this is formally weaker than
This new condition is similar to though there is one important dif-

ference: we require the inequality to hold for subsets of F' rather than F
itself.

THEOREM 1.1. Let G be a locally compact group. Then G is amenable if
and only if it satisfies condition for any 1 < p < o00.

Proof. If G is amenable, then G satisfies We can then simply take
f = xc and directly obtain

For the other direction, let € > 0. Take any finite subset F' with |F'| > N.
We can then find some positive fr with unit norm that satisfies . We
can reformulate this in terms of the dual space:

(1.4) Z (¢, s *|!gﬂ| — fr) <e forall ¢ € LP(G)* with ||| < 1.
seR
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In essence, (|1.4)) states that the ‘average value of (¢, s * fr — fp)’ for any
sufficiently large subset of F' is small. So let us consider the exceptional set
defined by

Apr={s € F:[{p,s* fr— fr)| = 2c}.

Now take any finite subset A?O C A, r whose values are solely in the
positive quadrant (i.e. with positive real and imaginary components). Then
we would have

Z <9078’>i4{)FF’—fF> > e

0
SeAw,F

The only way that this is consistent with (|1.4) is if |A3 | < N. Following
this logic for each of the four quadrants, we obtain |A, r| < 4N. Note that
this bound is independent of the choice of F.

Now, choose any finite set F' with |F| > 8N, and define F' = FUF~'F.
Let s € F. Take any ¢ € LP(G)* with |¢|| <1 and choose t € F' so that

t¢ Ay and s 't ¢ Agtyp. 7

Such a t exists by the bound on the A sets. Using the definition of the A
sets, we then have

|<8075*fF_fF>| <8075*fF_t*fF>|+|<907t*fF_fF>|

<|
§|<80>3*fF—t*fF>|+2E
(st s, fr— (s71) * fr)| + 26 < 4e.

Hence for any € > 0 and finite set F', there is a positive function g € LP(G)
with unit norm such that ||s* g — g||, < €. In fact, we can assume without
loss of generality that p = 1. This is enough to conclude that G is amenable
(see Paterson [12, Proposition (0.8)]). m

There is also another condition that was introduced and shown to be
equivalent to amenability by Pham [I3, Theorem 5.1].

(WF) For every € > 0, there is an N € N such that for every finite ' C G
with |F| > N, there is a compact C such that

(1.5) AEC) < | EINC)  for all E C F with |[E| > N.

This condition has the same ‘quantify over subsets’ flavour as has.
This will be important to us later when we introduce the notion of pseudo-
amenable groups. For now, we start with a useful lemma which allows us to
evaluate the join of translations of a simple function. Recall that the join of
two functions f and g, denoted f V g, is simply their pointwise supremum.
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LEMMA 1.2. Let f be a positive simple function such that f:Zle QLGXA;
where a; > 0 and A1 D --- D Ag. Let E be a finite set. Then

\/ s* f= Z%XEA“

seE

Proof. Fix some x € G. We define k:x to be the largest integer such that
x € EAyg,, or 0 if there is no such integer. Since EA; D --- D E Ay, it follows

that
Z azXEA Z Q.

On the other hand, we can equivalently say that k, is the largest integer
such that there exists a t € F with = € tAy,. In other words, (s * f)(x) is
maximal when s = ¢, and so

k
(V s+ f)@) = Zaz 3 aixpa (@)
sek i=1

Our next proposition is perhaps one of the most important as it provides
an equivalence between the combinatorial and functional versions of a con-
dition. Because of this connection, we shall use this result later. Its proof
(presented below) has similarities to the proof of the equivalence of
and given by Greenleaf [7, p. 66].

PROPOSITION 1.3. Let G be a locally compact group, and 1 < p < oo.
Take any € > 0, and a finite set E C G. Then there is a positive function
f € LP(G) with

(1.6) |V 5| <<l
sek

if and only if there is a compact set C' C G such that
(1.7) AMEC) < e|EINC).
Proof. For the non-trivial direction, we start with the case p = 1 and

take a positive simple function f satisfying (1.6)). We can assume without
loss of generality that f is simple @ and has unit norm. In particular we

write
k
f= Z QX A;
=1

(*) We can make this assumption as the simple functions are dense in L'(G). More
explicitly, if we have an (arbitrary) positive ¢ € L'(G) with unit norm such that
IV s*glli < (e —0)|E]| for § > 0, then we can take any positive simple function f with
IIf —gll <d/(1+¢). This is sufficient to prove that |\/ s * f||1 < €|E|||f]1-
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where a; > 0 and A7 D -+ D A, are A-finite Borel sets. Now, we use
Lemma [T.2] to see that

k
Voo, = [

S (458,

=1

k
=1

The summation on the last line is a convex sum, as Zle aiM(A4;) = || flh
= 1. This means that there must be some A € {4,..., A} such that

[V oo 220

It follows that
MEA) < H \/ s+ fH)\(A) < ¢|E]MA).
selR

Using the (inner and outer) regularity of A, one can then show that there is

a compact set satisfying .

The case of arbitrary p follows directly from the p = 1 version of .
If g € LP(G) satisfies this equation, then f = g%/? € L'(G) will satisfy the
same equation (with p=1). =

Using |(WF)| this gives us another characterisation of amenability.
THEOREM 1.4. A locally compact group G is amenable if and only if for

every € > 0 there is an N € N such that for every finite set F C G with
|F'| > N, there is a positive function f € LP(G) such that

H \/ s+ pr <c|B|||f|E for all EC F with |E| > N.
p
sek

2. Pseudo-amenable groups. One may ask if quantifying over large
subsets of F in (and|(F'S,)) is necessary. Removing this constraint, we

obtain a condition known as pseudo-amenability, which was introduced for
discrete groups by Dales and Polyakov [3, Definition 5.5]. We restate this
definition for general locally compact groups.

DEFINITION 2.1. Let G be a locally compact group with Haar measure .
We say G is pseudo-amenable if it satisfies the following condition:

(PA) For every € > 0 there is some N € N such that for every finite F C G
with |F'| > N, there is some compact C' C G such that

(2.1) AFC) < e|FINC).



6 A. Vujicié

By it is immediate that amenability implies pseudo-amenability,
but the converse remains an open problem. Dales and Polyakov also showed
that subgroups of discrete pseudo-amenable groups are themselves pseudo-
amenable [3] Lemma 5.6]. We shall show this for the general case. This will
be done with the aid of two new characterisations, obtained using the result

from Proposition[L.3] These characterisations are[(L)]and[(M)|as given below.

(L) For every ¢ € (0,1), there is some N € N such that for all £ C G with
|E| > N, there is some positive f € L'(G) such that

2.2) |V 5= 1] <elEtisn.
sek

Here the norm is the usual L' norm ||-||.

(M) For every € € (0,1), there is some N € N such that for all £ C G with
|E| > N, there is some positive u € M(G) such that

(2.3) |\ s« u] <elBl
seEE

Here M(G) denotes the set of all complex Borel regular measures on G,
where the norm of a measure is its total variation. We also note that the join
of two positive (or in general, real-valued) measures is defined as

[V V](A) :=sup{u(X)+rv(A\ X): X C A is Borel}

for all Borel sets A. If we consider L'(G) C M(G), then this definition
coincides with the usual join of positive (or real-valued) functions.
We now present the central theorem of this paper.

THEOREM 2.2. Let G be a locally compact group. Then the following are
equivalent:

e (G is pseudo-amenable.
o G satisfies|(L)|
o G satisfies ((M)]

Proof. The equivalence of the first two conditions follows immediately
from Proposition [1.3]

It is trivial that condition implies as we can embed L!(G) into
M (G). Note that the standard embedding f +— py where g (E) = { f(x)dx
is norm-preserving.

For the other direction, let € € (0, 1), and take any sufficiently large finite
E C G. Take p € M(G) that satisfies Now fix any positive h € L}(G),
and define f € L'(G) by f = p * h, where

f@) = (nxh)(x) = {(y*h)(x)du(y)

G
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and we have || f|1 = ||x]| ||k]]1. Now note that if we take arbitrary positive
v1,v2 € M(G) and some positive g € L*(G), we have

s gV xgl(e) = [ [+ 9)@) dn ()] v [ [y 9)(@) dualy)
G G

< V(y*9)(@) dn V) (y) = [(n V o) = g](x).
G
<

More generally, \/(v; *x g) < (\/ v;) * g for finitely many joins. From this it
follows that

el =y,
<[ (3 5o0) o], = ol
s€E s€E

<elE[||ullllpll = elEl [ £l
Hence f satisfies condition |(L)| =

We shall now use this theorem to prove that pseudo-amenability is pre-
served under subgroups. Our approach is similar to that of Paterson [12]
Section (1.11)], where the same statement is proved for amenable groups.
However, the case of pseudo-amenable groups is more involved as we cannot
simply take a left-invariant mean. We begin with the following definition.

DEFINITION 2.3. Let G be a locally compact group, and H a closed
subgroup. A Bruhat function for H is a function 5 : G — R satisfying:

e For every compact C' C G, there is a continuous function ¢ > 0 on G such

that w’CH = B|CH
e For every x € G we have

| Blxy) duy =1.
H
It is known (see Reiter [14, Chapter 8|) that for every locally compact
group GG and closed subgroup H, there exists a Bruhat function for H. The
existence of such functions is precisely what we will need.

THEOREM 2.4. Let G be a pseudo-amenable locally compact group. Let
H be a closed subgroup of G. Then H itself is pseudo-amenable.

Proof. We let € > 0 and take any sufficiently large finite set £ C H.
Choose some positive f € L'(G) satisfying for the choice of € and FE.
Let C.(G) denote the set of continuous functions with compact support. We

can, without loss of generality, assume that f € C.(G) as these functions are
dense in L'(G).
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Now let 8 be a Bruhat function for H. For y € H we define
(2.4) g(y) = | f(x)B(x"'y) dg=.
G

We will show g € L1(H). Firstly, as f € C.(G), we know that 3 is continuous
on supp(f)H. It is then clear that g is continuous. Furthermore, we have

Vo) duy = | | f(2)B(z""y) doz dmy

H HG
=\ r@ | By dgydee = | f(z) doa
G H G
s0 |lgllr ey = Iflz1(@)- Now if we consider a translation of g by s € H, it

is not difficult to see that
(sx9)(y) = {(sx /)(2)B(z"y) dga.
G
We can show that ||\/,cp s * gl < ||V epg s * fl|. For simplicity we only han-

dle the case of |E| = 2, but the argument can be generalised to any E. So
take E = {s1,s2}. Then

ls1% gV saxgl = (s1%9V 52 9)(y) dmy
H

< Vs H@)B Y]V (51 % 9) () Bz )] doz dary
HG

= S(sl * [V sax f)(x) S Bz ly) dyy dea
G H

= S(sl*f\/sz*f)(x)dgac: l|s1* fV s2x fl.
G

The inequality holds because for any positive functions f;, fo we have

max {Sfl dz,| f daz} <AV fodz.
Thus g satisfies |(L)} since

[\ seg| < |V s f| <elerisn =elerigl.
sekE seE

So H is pseudo-amenable. u

We know that amenable groups are closed under a directed union. We can
equivalently state this by saying that if the closure of any finitely generated
subgroup of G is amenable, then the group G itself is amenable. We have a
similar result for pseudo-amenable groups, though with a slight modification.
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PROPOSITION 2.5. Let G be a locally compact group. Suppose that every
separable subgroup of G is pseudo-amenable. Then G is pseudo-amenable.

Proof. Suppose that G is not pseudo-amenable. Then by definition, there
is some € > 0 such that for every N € N there is some finite Fiy C G with
|Fn| > N such that for every compact set C, we have

(2.5) AENC) > e| Fx|A(C).

Let H be the closure of the subgroup generated by |Jycy Fn. Now, Fy C H,
and furthermore, for any C C H, C is compact in G if and only if C is
compact in H. From this statement and , it follows by definition that
H is not pseudo-amenable. m

Unfortunately this argument does not work for finitely generated sub-
groups.

Our next theorem will show that the image of a pseudo-amenable group
under a homomorphism is also pseudo-amenable. We shall use condition
and the push-forward measure to show this.

THEOREM 2.6. Let G and H be locally compact groups, and m : G — H
a surjective homomorphism. If G is pseudo-amenable, then so is H.

Proof. First take any u € M (G). Let 7. (1) be the push-forward measure,
defined by 7, (u)(A) := pu(r~1(A)). Now, the mapping p > () is useful
as if we take a positive yu € M (G) that satisfies then the corresponding
T« (p) € M(H) will also satisfy for the same values of ¢ and N.

To see this, one can show that this mapping preserves norms, joins, and
translations in the sense that

()l = llpells me(p) Ve (v) S mi(p V), wls) * me(p) = ma(s % 1)

for any positive p,v € M(G) and s € G.

With this, we can take any ¢ > 0, and take any sufficiently large finite
set £ C H. Since 7 is surjective, we can find a finite set F' C G such that
m(F) = E and |F| = |E|. Now choose u € M(G) satisfying condition

for F'. Then
|V txmto] = |V mtsswf < (V sxu) | <[V seu
teE seF seF seF

< el Fl[[ull = el E] |7 ()l
Hence 7, (p) satisfies (M)| and so H is pseudo-amenable. m

This theorem also has the following obvious corollary involving quotient
groups.

COROLLARY 2.7. Let G be a pseudo-amenable group, and H a closed
normal subgroup. Then the quotient group G/H is pseudo-amenable.



10 A. Vujicié

We now wish to see if we can ‘reverse the process’ given in this corol-
lary. In particular we want to show that a given group is pseudo-amenable
using the properties of a (closed normal) subgroup and the corresponding
quotient group. Before we attempt this, we need some method of relating the
Haar measures of G, H and G/H. Details of this are covered by Folland [5]
pp. 56-57]. Most important is the result stated in [5, Theorem 2.49], which
tells us that if we have a closed normal subgroup H, then we can normalise
the Haar measures in each of G, H, and G/H in such a way that for any
function f € C.(G) we have

| f@)yde = | | f(zh)dnd(zH).

G G/HH
We will need an equivalent version of this statement but with characteristic
functions:

LEMMA 2.8. Let G be a locally compact group, and H a closed normal
subgroup. For any compact set K, we have

MEK)= | | xx(zh)dhd(zH).
G/H H

This follows from the aforementioned Theorem 2.49 in Folland [5] and
Proposition 7.4.4 in Cohn [2].

We shall also need a characterisation of amenability that was introduced
by Emerson and Greenleaf [4]. One may view this as a strengthening of
Fglner’s original condition. This is as follows:

(SF) For every € > 0, and every compact set K, there is a compact set C
such that

(2.6) AEC\ C) < eX(O).

In the ideal case, we would only need a closed normal subgroup H and
the corresponding quotient group G/H to be pseudo-amenable in order to
induce pseudo-amenability in G. Unfortunately, whether this is sufficient is
unknown. However, we can strengthen the condition on H by requiring it to
be amenable, which allows us to prove the following theorem.

THEOREM 2.9. Let G be a locally compact group, and H a closed normal
subgroup. If H is amenable and G/H is pseudo-amenable, then G is pseudo-
amenable.

Proof. Firstly we let 7 : G — G/H denote the canonical mapping where
m(x) = xH. We denote the Haar measures on G, H and G/H by A\g, Ay
and Ag,p respectively.

Let € > 0, and choose N as required for the pseudo-amenability of G/H.
Take any finite set F' C G with |F| > N. Now it is possible that |7(F)| < N,
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so we cannot directly apply pseudo-amenability here. However, in this case
we may simply take any finite set X such that 7(F) C X and | X| = |F| > N.
This implies that there is some compact set C' C G/H such that

13
A/ (m(F)C") < Agyu(XC') < E‘F’)‘G/H(C,)-

We note that the right side of this equation features |F'| instead of |7 (F)]|.

Now, for any compact set C’ in G/H, we can find a compact set C' in G
such that 7(C) = C’ (the proof was given by Folland [5, Lemma 2.46]). This
means we can find a compact set C C G such that

€
(2.7) Aayu(m(FC)) < SIFAq/u(m(C)).
Next we define
K= (FO)"'FCnH.

It is clear from this definition that X C H and furthermore K is compact.
We can use the amenability of H via (2.6 to find some compact set L C H
such that

(2.8) A (KL) < 22 n(L).

Now, for any x € G and h € H where zh € FCL, we clearly have zH €
w(FC). Using Lemma 2.8 gives

Ao(FCL)= | \xrer(@h)dhd(zH) = | | xpor(zh)dhd(zH)

G/HH m(FC) H
= | Mg 'FCLNH)d(zH)
w(FC)
= | Xu(@'FCNH)L)d(zH)
w(FC)
< | M(KL)d(zH) = Ag/p(n(FC)Au(KL).
w(FC)

Next, for any x € C and h € H, we have x1(h) < xcr(xzh). From this we
obtain

Aa(CL) = | \xcr(@h)dhd(zH) = | | xcr(zh)dhd(zH)
G/HH m(C) H
> | §xe(h) dhd@H) = Aoy (r(C)Au(L).

w(C)H
We can combine these results with and to get
AG(FCL) < Aqy(n(FO)Au(KL) <l F|Aq/u(m(C)Au (L) <e[F[Aa(CL),

which is precisely what we need to show the pseudo-amenability of G. u
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COROLLARY 2.10. If G is an amenable group and H a pseudo-amenable
group, then G x H is pseudo-amenable.

All of these results suggest a similarity between pseudo-amenable and
amenable groups. It is still an open problem whether these classes are the
same. If we were however to show that pseudo-amenability and amenability
were two distinct classes of groups by way of an example, then such an
example would necessarily be a non-amenable group that does not contain F»
(it is known that F» is not pseudo-amenable; see [3, Theorem 5.9] and [13]
Proposition 5.9]). The existence of such groups was a long-standing problem,
commonly referred to as the Von Neumann Conjecture, and was resolved by
Ol’shanskil [I1] in 1980 by constructing an explicit (though very complex)
example of such a group. Recently, simpler counterexamples have been found
by Monod [9] and by Lodha and Moore [8], so these may prove to be easier
to analyse. It is not known if any of these groups are pseudo-amenable.
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