MATH136: Linear Algebra 1 Sample Problems

Solutions
1 1 3 1
Q1. Prove that Span<q (1], | 0 =Spanq [1|,] 0 in R3.
2 —1 0 —1
emember that to prove two sets are equal, you must show that they are subsets of eac
R b h 1 h h h b f h

other.)

Solution: Firstly, let us notice that, by inspection, we have that [3 1 0]7 is a linear
combination of [1 1 2]7 and [1 0 — 1]7. Or, more explicitly,

3 1 1
1l =11{+2|0 (1)
0 2 -1

We shall keep this in mind for later.
Let us start by showing that Span{[112]7,[10 —1]T} C Span{[3 1 0]7,[10 —1]T}.

To this end, let us take some @ € Span{[1 1 2]7,[1 0 — 1]7}, which means we can
write

1 1
U=al|lll+b]| 0
2 -1

for some a,b € R. From the equality in (1), let us define a new variable ¢ = b — 2a.
We then have that

1 1
U=a|l|+(c+2a)| 0
2 ~1
1 1 1
=al| (1| +2]0 +c| 0
2 -1 -1
[3 1
=a|ll4+c| O
0 -1

From this it follows that  is a linear combination of [3 1 07 and [1 0 —1]7. Hence

u € Span{[310]7,[10 —1]7} and so we have proved that Span {[1 1 2]7,[1 0 —1]T} C
Span{[3 1 0]7,[10 —1]T}.

The other direction is similar, we start with some ¥ € Span{[3 1 0]7,[1 0 — 1]T}
and write

3 1
v=alll+b|0
0 -1
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Again keeping (1) in mind, we define ¢ = b + 2a, so that

[3 1
T=al|l|l+(c—2a)|0
0 -1
3 1 1
=a 11-210 +c| 0
0 -1 -1
1 1
=a|l|l+c| 0
2 -1

Thus ¥ is a linear combination of [1 1 2] and [10 —1]% and so ¥ € Span{[3 1 0]%,[1 0 — 1]T}.
This shows the other inclusion, and so we conclude that Span{[1 1 2]7,[10 —1]T} =
Span{[3 1 0]7,[10 — 1]}

Q2. Let (1,1,0) and (3, —2,1) be two points on a line £ in R3.

Find a vector equation for L.

b

(c
(d

(a
(b) Find parametric equations for L.

Determine whether the point (—1,4, —1) is on L.
Determine whether the point (2,0,2) is on L.

~— ~— ~— ~—

Solution: (a) First we find a direction vector ¥ for the line. For instance, this can be
the the vector which starts at (1,1,0) and finishes at (3,—2,1). In this case

that is
3 1 2
v=|-2|—-|1| =|-3
1 0 1

We can also choose the initial vector to be @ = [1 1 0]7. With this, we obtain
the following vector equation for L:

N 1 2
{ =U+t0=|1| +t|-3|,teR
0 1

(b) To get the parametric equation, we simply extract the component-wise equa-
tions from the vector equation. In this case these are

{1 =1+2¢
ly=1-3t, teR
f3 =1t

Page 2 of 27



MATH136: Linear Algebra 1 Sample Problems

(¢c) To determine if (—1,4,—1) is on this line, we would need to check that it
satisfies the parametric equations above. From the third equation, we see that
we must have ¢t = —1. Checking the other equations we see that 1 4 2t = —1
and 1 — 3t = 4, so this point satisfies the parametric equations. Hence it is on
the line L.

(d) To determine if (2,0,2) is on this line, we would need to check that it satisfies
the parametric equations above. From the third equation, we see that we must
have t = 2. However, checking the first equation we see that 1 + 2t = 5 # 2,
so this point does not satisfy the parametric equations. Hence it is not on the
line L.

Q3. Let £ be the line R? with the following equation: = +t7,t € R, where
- |0 N
U = [5] and v = [4}

Show that the vector @ = [4 — 3]T lies on L.

(a)

(b) Find a unit vector 7 which is orthogonal to 7.

()

(d) Prove that % is the vector on £ with the smallest norm. That is, prove that || 7/|| <<l

for all ¢ € L. (Hint: show that you can write the vectors of £ in the form ¢ =
Y +s7U,s € R and use Q2a from Assignment 1).

Compute i = proj(7) and show that this vector lies on L.

Solution: (a) If we take t = —2, we see that

and so 7 lies on L.

(b) Let @ = [n1 na)’. Since 7 is orthogonal to ¥, we know that 7 - ¥ = 0, and
so —2n1 + 4ng = 0. Hence we get n1 = 2ns, and so 7 = [2ny na)”.
Now, since 7 is a unit vector, we must have ||v,| = 1, and so 1 = y/4n3 + n3 =
\/5n3. This gives us that ny = 1/4/5, and so

=5l

(Note we could have chosen ng = —1/+/5 and this would have given us a valid
answer as well).

(c) We compute

7= = (5] w5 () 78 B = (] B B = -9 [ =
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Furthermore we need to verify ¥ is on the line £. If we set t = —1, we see that

and so vy lies on L.

(d) Consider the vector equation for L, T=7+ tv,t € R. If we define s =t + 1,
then we have

=0 +t0 = {g] +(s—1) [_42] = m —i—s[_f] =7 +sT

This gives us an alternative vector equation of the line L.
Now, notice that 7 - ¥ = -4 + 4 = 0, so these vectors are orthogonal. We can
then use the result of Q2a in Assignment 1 to see that

L1 =17 +sTI° = 171° + 1sT1* > 171° (as IsT)* > 0)

From this it follows that || 7| < H?H, and so it is the vector on £ with minimal
norm.

Q4. Let £; and £ be two lines in R? with the respective vector equations:

N 2 1 N 2 2
b= 3]+t 2|,teR and lo=|1|+t| 2| ,teR.
2 -1 3 —1
(a) Find a point A which lies on the intersection of £1 and Ls.
(b) Let P be a plane which contains both £ and L,. Find a vector equation for P.

(c¢) Find a scalar equation for P.

Solution: (a) We need to find a point which satisfies the vector equations for both £y
and L£o. In other words, we want E 1 = 7 o; writing this out as parametric
equations we get

2+t=2+2s
3+2t=1+2s
2—t=3-—s

After some rearrangement we get

t—2s=0
2t — 28 = =2
—t+s=1
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The first equation gives us that ¢ = 2s. Substituting this in the second equation,
we have that —2 = 2t — 25 = 2s, and so we get s = —1 and t = —2. A quick
sanity check also shows that these values satisfy the third equation.

To actually compute A, we simply substitute one of these values in. If we let
@ be the vector corresponding to the point A, then

So the point A is (0,—1,4).

To find the vector equation for this plane, we need a point on the plane, as well
as two non-zero direction vectors (which are not scalar multiples of each other).
We already have the point A on the plane, and we have the two direction vectors
of the lines £1 and Ls. Using these we get the following vector equation of the
plane

0 1 2
P=|—-1|+t|2]|+s]|2
4 -1 -1
To compute the scalar equation, we first need to find the normal vector. This
is given by
1 2 0
n=|2|x|[2]|=]-1
-1 -1 -2

Now we know the normal form of the plane is given by
n-(p—d)=0

Expanding this computation we get

0 x 0
-1 yl — |—1 =0
-2 z 4
0 x|
1| - |y+1]| =0
-2 z—4]
—(y+1)—2(z—4)=0
-y — 2z =7
y+2z2="7

This is the scalar equation of the plane P.

Q5. (a) Determine all real values a and b such that [;a] ¢ Span { [;} , [Z] } in R2.

Page 5 of 27



MATH136:

Linear Algebra 1 Sample Problems

(b) Determine the solution set, S, to the following system of linear equations.

201 —x9 +2x3 +4xry = 0
2r1 —x9 +3z4 = 0°

Express S as the span of one or more vectors.

Solution: (a) We know that the vector [1 3a]” is in the span of [2 2] and [b 4] if and

only if it is a linear combination of these vectors, That is, if and only if there

is s,t € R such that
1y |2 —i—tb
3a] = 7|2 1

Writing this as a system of linear equations we get

2s +bt =1
2s + 4t = 3a

That is, the vector [1 3a]” is in the span of [2 2]7 and [b 4] if and only if the
above system has a solution.

First, notice that if b = 4, then the left hand side will be the same for both
equations. This will fail to have a solution if and only if 1 # 3a.

On the other hand, if we assume b # 4, then we can subtract the second
equation from the first, and obtain (b —4)t = 1 — 3a. Since b # 4, then we get
t= %. Since 2s + 4t = 3a, then we get that

8_3@—4t_3£_ 1-3a 3a(b—4)—4(1—-3a) 3ab—4
22 b—4 2(b — 4) - 268

Plugging back into our original system verifies that this choice of s and t is a
solution. In other words, when b # 4, we always obtain a solution.

Thus [31a} ¢ Span{ B] , [Z] } in R?, precisely when the above system has no

solution, which is true precisely when b = 4 and a # 1/3.

Let [z1 @2 x3 24]7 be a solution to this system. If we subtract the second
equation from the last, we obtain 2x3+x4 = 0, or simplifying we get x4 = —2x3.
Substituting this into (either) equation we get

2.%‘1—1'2—6%’3:0

We can freely assign two of these variables, after which the third will be fixed.
So let s = x9 and t = x3, after which we get 1 = s/2 + 3t. Furthermore we

have z4 = —2x3 = —2t. So we can write the solution as
1 35+ 3t 3 3
To| S B 1 0
T3 o t = 0 +t 1
T4 —2t 0 -2
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1
5 3
In other words, the solution is a linear combination of (1) and (1) , so the
0 -2
solution set is
z 3
2
S = Span (1) , (1)
0 -2
Q6. Let A € M3(R) be the following matrix:
3 2 1
A= -1 0
1 2 1

(a) Compute the inverse A=t
(b) For a fixed b R3, how many solutions does the system A7 = b have?

(c) Solve the system A2 = € where ¢ = [1 1 1]7. Do not use the Gauss-Jordan algorithm.

Solution: (a) We begin by reducing the super-augmented matrix [A|l3].

3 2 1|10 0 1 2 1]/0 0 1
2 -1 0/0 1 0| —=1{2 -1 0/0 1 0 Ry < R
1 2 1001 3 2 1/1 00
1 2 1]00 1 Ry — Ry — 2R,
—~ 10 =5 —2]0 1 -2 R R 3R
0 -4 —2|1 0 -3 o !
1 2 1]/0 o0 1 .
—= 10 1 2/5/0 —1/5 2/5 Ry = —Ry
0 -4 —2|1 0 -3
12 1 (0o o0 1
—~ 10 1 2/5 |0 —1/5 2/5 Ry — Ry + 4R
0 0 —2/5|1 —4/5 —7/5
12 1| 0 0o 1 s
—~ 10 1 2/5] 0 —1/5 2/5 Rs — —~Rj
00 1 |-5/2 2 7/2
1 2 0| 5/2 -2 —5/2 Ri— Ri— Ry
=101 0] 1 -1 -1 R 2p
00 1|-5/2 2 7/2] 2T
[1 0 0 1/72 0 -1/2]
=10 10/ 1 -1 -1 Ry — Ry — 2Ry
00 1|-5/2 2 7/2]
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This gives us that the inverse of A is

/2 0 —1/2

A= 1 -1 -1
—5/2 2 7/2
(b) Since A is invertible, then the only solution to the system AZ = bis T =
ALY,
(c) The system AZ = ¢ has only the solution Z = A~™'Z. We can compute this
directly:
12 0 -1/2]1 1 0
=A== 1 -1 -1]|1|=|-1
52 2 72| |1 3

Q7. Let A € M,(F), and suppose that A% +2A42 — A+ I, = O,. Prove that A is invertible. What
is its inverse?

Solution: We can rearrange the given equation as follows
A3 4242 — A+ 1, =0,

A3+ 247 - A= -1,

(A2 +2A —I,)A = —1I,
—(A2 424 -1 )A=1,

Thus we can see that A has a left inverse. Since A is a square matrix, we know
that left invertibility implies invertibility, so A is invertible with inverse A=! =
—A%2 —2A+1,.

Q8. For each of the following transformations, determine whether it is linear or not, and then
prove it.

(a) The transformation T: R? — R? defined by T ({w ) = {x + y} '

Y Ty
v 3z + 2y +
(b) The transformation 7: R?* — R? defined by T' | |y| | = rrAyTA
e T+ z
. 20 —y
(c) The transformation 7: R? — R? defined by T ({ ]) =| —x |.
2+ 3y

(d) For a fixed Z € R3, the transformation Tz : R?® — R? defined by T2 (%) = 7 x 7.
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Solution: (a) Consider 7 = [ﬂ . Then we have that

i f]-

rem -2 ([]) -

Thus it follows that T'(27) # 2T(7), and so T is not linear.

and

T1 Y1
(b) Let @ = |x2| and y = |y2|, and let ¢ € R. Then we have that
T3 Y3
cx1+ Y%
T(cZ+Y)=T| |cxa+ 1y
cxr3 + Y3

cr1 + Y1 +cxr3 + ys3
[3:1:1 + 229 + .T3:| {37;1 +y2 + y3]
= C +
r1+ 23 Y1+ ys3
=T(7)+T(¥)

_ [3(&%1 +y1) + 2(cx2 + y2) + cx3 + yg}

Thus it follows that T is linear.
0
(c) We have that T(H) = |0| # 0, so T is not linear.
2

(d) Let Z,% € R? and ¢ € R. Using properties of the cross product, we have that

Tz(cZ+Y)=72 x (¢ +7)
=Zx(?)+7Zx7Y
=c(Zx2)+7ZxY
=cTz(7) +Tz(V)

Thus T% is linear.

Q9. (a) Determine the kernel of the linear transformation T : R?® — R3 defined by

T r1 + 229 + 3x3
T T2 = To + 213
€T3 T3

(b) Is T one-to-one? Justify your answer.
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(c) Determine the range of the linear transformation T : R? — R? defined by

T il . T+ X2
2 2 |+ ag s
€3

(d) Is Ty onto? Justify your answer.

Solution: (a) The kernel of T} is the set of all vectors Z such that Ty (7) = 0. If we

T
let 7 = |z2|, and suppose that 7 € Ker(T}), it follows that
T3
T1 + 229 + 323 0
To + 2x3 =10
I3 0

From the third component, we immediately get that x5 = 0. Simplifying, we

x1 + 239 0
o =10
0 0

Again, from the second component, we have that xo = 0. If we simplify once
more, we find that

il 0

0=10

0 0

and so it follows that x1 = 0 as well. Thus, we have that ¥ = 0. So we get
that Ker(77) € {0}, and since 0 € Ker(77), then we get Ker(77) = {0}.
(b) Since Ker(T}), we know that T} must be one-to-one.

Y1
(c) Take any vector § = [yl] €R2 Let ¥ = 0 |. Then it follows that

b2 Y2 — Y1
— Y1 + 0 U1 —
T X = = —
(7) [@/1 +0+y2 — yl] [3/2} Y

Thus we have that ¥ € Range(7%), and so R? C Range(T). Note we trivially
have that Range(Ty) C R, so it follows that Range(73) = R2.
(d) Since Range(T») = R?, we know that 75 must be onto.

Q10. Let T : R™ — R™ be a linear transformation. Suppose that there exists a map S : R™ — R"
with the property that that
S(Z)- v =2 -T(7)

for all 7 € R™ and ¥ € R™.
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(a) Prove that S is a linear transformation.

(b) Since both T" and S are linear, we can find matrices A and B such that T = T4 and
S = Tg. Prove that B = AT,

Solution: (a) Let 7,7 € R™, ¥ € R™, and ¢ € R. Then we have that

S(cZ+Y) U= (Z+7) T(V)
=c(Z-T(V))+ 7y -T(7)
=c(S(Z2)-U)+S(Y)- 7T
=(cS(T)+S(¥))- ¥

Now if for any Z € R™ we let [Z]; denote the ith-component of Z7, then we
have that [Z]; = Z - €;. Thus we get

[S(eT + Pl = (S(cT +¥)) - €i = (eS(T) + S(¥)) - €i = [eS(TF) + S(V)i

Since all the components are equal, we then have that S(c@ + ¥) = ¢S(?) +
S(7Y), and so S is linear.
(b) Let 7 = €; € R™, and let ¥ = €; € R". We can evaluate both sides of the
given expression. First we have
S(T)-V=5(¢)-¢;

= (B¢€;)- €
=b;- € (where b is the i-th column vector of B)
=[bi]; = (B)ij

On the other hand, we also have that

7-T(T) =

~
—~

A¥€))
.3
i = (A)ji

Since (B);j = (A)j; = (AT);; for all 4, j, we have that B = AT,

o o

.

sl

Q11. Determine, with justification, whether the following sets are subspaces of R*.

z1

(a) S= Z ERY:xy+ g —w3—24=0

Zq

( _xl_

s
() $ =3 |72 €RY: o]+ faa] — foa] — foa] =0

L T4
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)

T
(c) S= z eER*:z,yeR

y2

Solution: (a) Yes, let us prove this. Firstly we can clearly see that 0 € S. Next take
any 2,y € Sand c € R, and let 7 = c¢Z + 3. Then

1 Y1 cx1+
Z=cT+7=c |+ | = w2+ Y2
3 Y3 cx3 + Y3
T4 Y4 CT4 + Y4

Since 7,y € S, we have that 1 + 29 — 23 — 24 = y1 +y2 — y3 — ya = 0. From
this it follows that

21+ 20 — 23— 24
= (cx1 +y1) + (cr2 +y2) — (cw3 +y3) — (cxa + ya)
=c(z1+ 22 — 23— 24) + (Y1 + Y2 — Y3 — Ya)
=c0+0
=0

From this it follows that 7 = ¢Z 4+ % € S. This proves that S is a subspace
(Proposition 8.1.4).

(b) No, this is not closed under vector addition. To see this, take the vectors
Z=[1111Tand ¥ =[11 —1 — 17, both of which are clearly in S.
However, if we set Z =2 + 7 = [22 0 0]7, we see that Z ¢ S as

21] + |22 — |23 — |za| =2+2-0-0=4#0.

So S is not closed under vector addition and is therefore not a subspace.

(¢) No, this is not closed under scalar multiplication. To see this, take z = 1
and y = 1 to obtaine the vector ¥ = [1 1 1 1]T € S. If we let ¢ = 2, then
c¥ = [2222]T. If this were in S there would need to be an x such that z = 2
and 22 = 2. This is clearly impossible, so c¢¥ ¢ S. Thus S is not closed under
scalar multiplication and is therefore not a subspace.

Q12. Let V and W be subspaces of R™. Prove or disprove the following.

(a) VN is a subspace of R™.
(b) V UW is a subspace of R"™.
(¢) V¢ (the complement of V' in R™) is a subspace of R™.
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Solution: (a) Firstly, we have that 0 € V and 0 € W, so it follows that 0 € V N W.
Next we take 7,7 € VNW, and ¢ € R. Since V is a subspace and 7,y € V, it
follows by Proposition 8.1.4 that ¢z + % € V. Similarly, since W is a subspace,
we also have that ¢Z + %3 € W. Thus ¢Z + 5 € VN W. So by Proposition
8.1.4 it follows that V N W is also a subspace.

(b) Consider the subspaces V = Span{[1 0]7} and W = Span{[0 1]7} as subspaces
of R2. We know these are subspaces as the span of any vectors is always a
subspace. Now consider @ = [1 0|7 € V and ¥ = [0 1]T € W. It follows that
Z,¥ € VUW. However we can clearly see that @ + 7 = [1 1]7 is neither in
V nor in W. Thus 7+ % ¢ VUW, and so VU W is not closed under vector
addition. Thus V U W is not a subspace.

(c) Consider V = R3 as a subspace of R?. Clearly we then have that V¢ = & (the
empty set). However a subspace must be non-empty, so V¢ is therefore not a
subspace.

Q13. Determine, with justification, whether the following sets are linearly independent.

4 —6
(a) 51 = 6 s -9
-2] |3
17 1] [2]
() So=14 [1],1]2], |2
2] 2] |2]
(17 [4] [7]
(c) S3=<12], (5], |8
13] 6] |9]

Solution: (a) We know for a two element set, that it is linearly independent if and
only if neither vector is a scalar multiple of the other. In this case, a simple
observation shows us that

=1
3 2—2

So one vector is a scalar multiple of the other, and hence S is linearly depen-
dent.

(b) By Proposition 8.3.6, we know this set is linearly independent if and only if
the number of pivots in the matrix

A=

[NCRE
[NCR NI
N NN
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is equal to the number of vectors (3 in this case). If we perform row reduction
on A, we get

1 1 2 1 1 2 Ry — —Ry + Ry
1 2 2l =101 O Rs - —9R; + R
2 2 2 0 0 —2 s b
[1 1 2] 1
— 10 1 O R3—>7R3
0 0 1]
[1 1 0]
— 10 1 0 Ry — 2R3+ Ry
0 0 1]
[1 0 O]
— 10 1 0 Ry — —Rs+ Ry
0 0 1]

This has 3 pivots, and so Sy is indeed linearly independent.

(c) By Proposition 8.3.6, we know this set is linearly independent if and only if
the number of pivots in the matrix

A=

N &~ =

2
S
8

O O W

is equal to the number of vectors (3 in this case). If we perform row reduction
on A, we get

123 12 3 Ry — —4R1 + Ry
4 5 6| — [0 -3 -6 Re s —TRy 4 R
789 0 -6 —12 3 s
[1 2 3] 1
o1 2 By = 5 B
_0 1 2_ Rg — ?Rg
[1 2 3]
— {0 1 2 R3s — —Rs + R3
10 0 0]
[1 0 -1
— 10 1 2 Ry — —2Ry + Ry
0 0 0

This has only 2 pivots, and so S3 is indeed linearly dependent.
[Can you figure out how to write one of the vectors of S3 as a linear combination
of the others?]
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Q14. Using Proposition 8.3.2 from the notes, we can rewrite Question 2b from Written Assignment
7 as the following lemma (do not prove this):

Lemma. Let A € M,(F). If ¥y and U4 are eigenvectors of A with distinct eigenvalues A\
and )z, then the set {U1, Ua} is linearly independent.

Now let A € M, (F), and let U1, U3, and U3 be eigenvectors of A with pairwise distinct
eigenvalues A;, A2 and Az (in other words, A; # A; for all i # j). Prove that the set
{¥1, U, U3} is linearly independent. You may use Lemma 1 in your proof.

Solution: Let ¥y, U2, and U3 be eigenvectors of A with eigenvalues A1, A2 and 3. In
order to show linear independence of the set {U1, U2, U3}, consider the equation

61?14-027)’24-03?3: 6 (2)

for some ¢y, co, c3 € F. If we multiply equation (1) by the matrix A on the left, we
get that

N
0= A(Clgl + CQUQ + 635}3)
= ClAi)l + CQAUQ + 03A7)>3
=M U1+ X2 Ta + 3373

The last equality uses the fact that U; are eigenvectors, so that Av; = \;7;. Now,
we can also multiply equation (1) by the scalar A;, and in this case we get

(_)) = /\1(01?1 + 02?2 + 6373)

=i\ U1+ o\ Vg + 3\ U3
Comparing these two equations we get
CIM U1+ XU + c3A3T3 = 6 =\ U1+ A\ Vg + 3\ U3

and so R
ca(A2 — Al)Ug + c3(A3 — )\1)?3 =0

By Lemma 1, we lnow that U5 and U3 are linearly independent, and so the co-
efficients of the above equation must be zero. Thus we get co(Ay — A1) = 0 and
c3(A3 — A1) = 0. Since eigenvectors are distinct, we know that Aa — A1 # 0, and so
it follows that co = 0. Similarly we get c3 = 0. Plugging this back into equation

(1), we get
11+ 00Uy +0v3=0
and so
017))1 =0

Since eigenevectors are non-zero, we must have ¢; = 0. So all the coefficients must
be zero, and so {U1, Vs, Uz} is linearly independent.
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Q15. Let T': R® — R™ be a linear map. Prove that the following are equivalent:

(i) T is injective.

(ii) For all vectors U1, Ua,..., Ux € R™, if the set {¥1, Va,..., U} C R" is linearly inde-
pendent, then the corresponding set {T'(71),T(V2),...,T(Tk)} € R™ is also linearly
independent.

Solution: Let us prove both directions.
(i) = (ii) Suppose T is injective.
Let {¥1, U2,..., Ur} € R™ be a linearly indpendent set. Consider the equation
AT (T1) + T (T2) + ...+ aT(Tr) = 0 (3)
Using linearity of T', we get that

T(Clﬁl -I—CQT))Q + ...+ Ck?)’k) = 6

Since T is injective, we know that Ker(T) = {6} So the above equation
implies that
01?1+0272+~'-+Ck5)k =0

Now since {U1, U2, ..., U} is linearly independent, the above equation implies
that ¢; = co = ... = ¢; = 0. But this means that the only solution to equation
(2) is the trivial equation. So it follows that the set {T'(V1), T(V2),...,T(Vk)}
is linearly independent.

(i) = (i) ] Suppose that we have that for every linearly independent set { U1, Vs, ..., Uk} C
R™, the corresponding set {T'(¥1), T(V2),...,T(7T})} is also linearly indepen-
dent.

We can show T is injective by showing its kernel contains only the zero vector.
So take 7 € Ker(T), so T(@) = 0. Suppose that  # 0. Then it follows that
the set {Z} is linearly independent. By assumption this means that {T(7)}
is linearly independent, which means that T'(7) # 0. This contradicts the
assumption that @ € Ker(T).

So it follows that if 7 € Ker(T), then 7 = 0. Thus we have Ker(T) = {6},
and so T is injective.

Q16. Determine whether the matrix

3 2 =2 =2
-1 2 2 0
A= 1 0 -1 0
0 2 1 0

is diagonalizable over R and/or C.
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Solution: First we find the eigenvalues of A by calculating det(A — A\I;). We have

3—A 2 —2 —2
-1 2-=A 2 0
CA(/\) = det 1 0 1-x 0
0 2 1 -2
-1 2—-A 2 3—X 2 -2
= —(—2)det | 1 0 —1—=Al +(=A)det | =1 2—2A 2
0 2 1 1 0 —-1-A

O P e )

_)\(ldet [QEA _ﬂ + (=1 = X)det [3__1A QEAD
=2[(-1)2-A—4)+ 1+ )(-2)]
—AME=(=2)2 -2 -1+ N(B=N)(2—-A)+2)]
=2A+2-2-2\ - A[4d+4 22— (1+ ) (A\* =51 +38)]
= —2X—A[8 =2\ — (A\? = 5A +8) — (A\* = 5A? 4+ 8)\)]
= 22X = A[8—2 = A +5A =8 — A%+ 5)% — 8)]
=22 - A[8=8)+ (—2+5—8)A+ (-1 +5)A* — X%
= A[N* —4X? +5) - 2]
=AA—1) [A\* =31 + 2]
= AA—1)2?(\—2)

So A has eigenvalues 0, 1, 2 with algebraic multiplicities ag = 1, a1 = 2, as = 1.
Since the characteristic polynomial has no irreducible factors, A is diagonalisable
(over both R and C) if and only if the geometric multiplicities agree with the
algebraic multiplicities.

Since 1 < gy, < ay,;, we immediately know that gy = g2 = 1. So all that is left to
do is to check the value of g;. To do this we need to find the eigenspace.
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We have
E2 = NUH(A - 2[4)

(1 2 —2 —2]
-1 0 2 0
e I T R
0 2 1 -2
1 2 -2 2]
0 2 0 -2
= Null 0 -2 —1 9
0 2 1 -2
1 2 -2 -2
0 1 0 -1
= Null 0 —2 —1 2
0 2 1 -2
1 2 -2 —2]
01 0 -1
= Null 00 -1 0
00 1 0]
1 2 -2 —2]
01 0 -1
=Nl g 0 1 o
00 0 0
[1 0 0 O
01 0 -1
=Nl g 01 0
000 0
Now we can calculate g2 as
1 0 0 O 1 00 O
. . 01 0 -1 01 0 -1
g2 = dim(Fs) = nullity 00 1 0 = 4—rank 00 1 0 =4-3=1
000 O 00 0 O

Since go = 1 # a9, it follows that A is not diagonalisable.

Q17. Let A € M4(C) and suppose it is diagonalizable over C. Furthermore suppose it has eigen-
values A = 1,2, 3, and that these are all its eigenvalues. How many diagonal matrices D are
there which are similar to A?

Solution: We know that there are three distinct eigenvalues, and the sum of their
(algebraic) multiplicities is 4. So at least one of these eigenvalues is repeated, and
has a multiplicity of 2.
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Let A1, A2, A3 be these eigenvalues, such that A; is the repeated eigenvalue. We
know that if D is a diagonal matrix similar to A, then the entries of D must be
the these eigenvalues (and in particular A\; appear twice). So this gives us the
possibilities for D:

(1) D = diag(A1, A\, A2, A3).
(2) D = diag(A\1, A\, A3, \2).
(3) D = diag(A1, A2, A1, A3)
(4) D = diag(A1, A2, A3, A1)
(5) D = diag(A1, A3, A1, \2)
(6) D = diag(\1, A3, A2, \1).
(7) D = diag(Aa, A1, A1, A3).
(8) D = diag(A2, A1, A3, \1).
(9) D = diag(A2, A3, A1, A1)
(10) D = diag(\3, A1, A\1, \2).
(11) D = diag(As, A1, A2, A1)

(12) D= dia’g()\f}a >‘27 )\17 )\1)
This gives us 12 possibilities for D.

A more combinatorial approach would involve counting the number of permutation
of 4 elements (which a total of 4! = 24 permutations), and then dividing by 2,
since we can interchange the position of the two Ay entries. This gives us a total of
41/2! = 24/2 = 12 combinations, and agrees with what we have found above.

Q18. Consider P,(IF), the vector space of polynomials over F of degree at most n. Define the
function D : P,(F) — P,(F) as follows: for a polynomial p(z) = Y"1 a;z’ where a; € F, set

n
= E ia;zt !
i=1

(a) Show that D is a linear map.
(b) What is the range of D? Is D surjective?
(¢c) What is the kernel of D? Is D injective?

Solution: (a) To show that D is linear, let p,q € P,(F) and let ¢ € F. Let us write
p(x) =Y ja;z’ and q(z) = > bia’. First note that

n

(cp+ a)(@) = 3 (cai + b)a’

1=0
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n

D(ep+q)(x) =Y ilca; +b)z' ™"
=1

= Z(cz’ai + ibi):ri_l

i=1

n n
=c E ia;x' ™t + E bzt !
i=1 i=1

= cD(p)(z) + D(g)()

So it follows that D(cp 4+ q) = ¢D(p) + D(q), and so D is linear.

(b) We claim that Range(D) = P,_1(F). Indeed we have that for any p € P, (IF),
we have that D(p) is a polynomial of degree at most n — 1. So this means that
Range(D) C Py 1(F).

For the other direction, take any polynomial ¢ € F,,_1 and write its coeflicients
as q(z) = E?:_Ol b;x'. Now for i > 1, set a; = b;_;/i and ag = 0. Furthermore
let p(z) = 31y a;x’. Then we have that
n
Dp(zx) = Ziaiazi_l

=1

n
=Yt
, ?
=1
n
= b2t
=1

n—1
= Z bjxj =q(z)
=0

This means that Dp(x) = ¢(z), and so it follows that ¢ € Range(D). Hence
P,—1(F) C Range(D), and so we have equality.
Since Range(D) # P, (F), this means that D is not surjective.

(c) We claim that Ker(D) = Py(F), i.e. the constant polynomials. If we take any
constant polynomial p(xz) = Y. a;x’, then since it is constant, this means
that a; = 0 for all 4 # 0. So we have that

and so p € Ker(D).
For the other direction, if we take p € Ker(D), then this means that Dp = 0.
If we write p(z) = Y"1 ;a;2’, then we have

n

Dp(x) = Ziaia}’;l =0

=1
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So it follows that a; = 0 for all 4 > 1. This means that p is a constant
polynomial, thus showing that Ker(D) = Py(F).
Since Ker(D) # {0}, this means that D is not injective.

Q19. Consider the plane P in R? with scalar equation 3z — y + 2z = 0. For each of the following
lines, find all intersection points with P, and describe what this set looks like geometrically
(eg. “a line through @ with direction vector v”).

[0 1
(a) L=< (1| +t|1]:teR
2 1
[—1 3
(b) Lo = 1|+t 1]:teR
B —4
0 1 t
Solution: (a) For any vector ¥ € L1, we can write it as ¥ = [1| +¢ [1| = |1+
2 1 2+t

for some t € R. This vector will lie on the plane precisely when it satisfies the
scalar equation 3z — y 4+ 2z = 0. Plugging this in, we get

3t—(1+1)+224+1) =0

44+3=0
. -3
T4
0 3 1 1 3
Using this we get that ¥ = |[1| + - |1| = - | 7 Geometrically this a
2 4 1 11
1 3
single point (namely the one at — | 7 |)
11
1 3 1+ 3t
(b) For any vector U € Lo, we can writeitas v = | 1 | +¢t| 1| =| 1+¢
2 —4 2 —4t

for some t € R. This vector will lie on the plane precisely when it satisfies the
scalar equation 3x — y + 2z = 0. Plugging this in, we get

3(—1+3t) = (1+1)+22—-4)=(9—1-8)t+(-3—1+4) =0

This tells us that the every vector in Ly is in the plane. In other words the
intersection set is Lo itself. Geometrically, this is (clearly) the line through
[~1 1 2] with direction vector [3 1 — 4],
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Q20. (8 marks) Let P be a plane in R™ through the origin with direction vectors @ and . Assume
moreover that 7 and U are orthogonal and are unit vectors. We will define the projection of

a vector zZ onto P by

(a) (2 marks) Prove that projp is linear. That is, prove that projp(aZ+b¥y) = aprojp(Z)+

—> —> —>
z z z

projp(?) = projz(2) + projz(?)

bprojp(y) for all a,b € R and 7, ¥ € R™.
(b) (3 marks) Show that if @ € P, then projp (@) = 0.

(c) (3 marks) Use the previous result to show that if 7 € R"™ and & € P, then projp(7) - =

—> —

xT

- w.

Solution: (a) Let 7,7 € R" and ¢ € R. Then

= (4 -[a? +

=(U-aZ)u + (U -byY)u + (V- -aZ)0 + (V- -bY)V
=a(u-D)C+b(d-Y)u+a(vV-2)+ V- YY)V

= aprojz(T) + bprojz(¥) + aprojz(T) + bprojz(¥)
= aprojp(7) + bprojp(¥)

as required.
Let @ € P. Then we can find a,b € R such that W = a@ + bvU. We can then
compute

projp (W) = projp(ad + bV)
aprojp(d) + bprojp (V)
= aprojz( v v

) + aprojz () + bprojz (V) + bprojz (V)
Now, it is not hard to verify that
projgz ()=  projy(v)="7
Moreover, since @ and U are orthogonal, we have that
proj(¥) = projy() = 0
And so we have that

— —
v v

projp(@) = aprojz (@) + aprojz(¥) + bprojz (V) + bprojz(7)
— a0+ 040 +b7

—
= w

as required.
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c¢) Let @ € P and 7 € R*. Then
(c)

projp(Z) - W =[(Z-d)d +(Z-0)V]- &
—(Z-T)(T-B)+ (T T)T D)
— 7. [2(T D)+ T D)
= 7 projp ()
=7 W
as required.
Q21. Let
2 2 1 1
T=|-4l,y=|1]|,A=1]2 -2 ,B:[41 _g],cz{ol _32 ﬂ
4 -1 0 4

Compute the following expressions if they exist. For each expression, if it is not valid write
‘NO’, otherwise if it is valid write "YES’ and compute it.

i) 7-37 (i) 12
(v) B7Z (vi) C7
(ix) AB (x) BA
Solution: —4
o 77 H
7
(ili) NO
(v) NO
(vil) NO
3 =5
(ix) AB= |10 2
-4 —-12
(xi) det(B)=—14

Q22. Let A € M3(R) be the following matrix.

.

1
2
-2

(i) 97 (iv) projz(¥)
(vii) A+2B (viii) 24 — CT
(xi) det(B) (xii) det(C)
(ii) 7] =6

2
<mpmaml{4

(vi) CF = [

(viii) 24 — CT =

(x) NO
(xii) NO
3 -2
7 5.
—3 2

Page 23 of 27

9

12
—10




MATH136: Linear Algebra 1 Sample Problems

(a) Find A~'. Show your working, including labelling row operations, if any.

(b) Consider the following system of equations

T1 4+ 3x20—2x3 = a
2x1 + Txo—bx3 =10
—2x1 — 3x2+2x3 =cC

for some a, b,c € R. Why is this system always consistent?

(c¢) Give a solution to this system in terms of a, b, and c.

1
(d) Find an expression for a matrix B with eigenpairs | —1, | 2 , |1,
—2
-2
1, |=5] |. You do not have to simplify your answer.
2

Solution: (a) We can compute the inverse as follows:

1 3 —2|100
2 7 —5[0 1 0
-2 -3 2|0 0 1
L3 =201 001 o oh . p
=101 —=1]-2 1 0 B 9B + R
03 -2/ 2 01 K Lo
1 3 -2/ 1 0 0
- 10 1 —-1]|-2 1 0 R3—>3R2+R3
00 1|8 -31
1 3 0[17 -6 2 R — 2R+ Ry
=10 1 0[6 -2 1 R Rt R
00 1|8 -3 1 S
1 0 0]-1 0 -1
-0 1 0/ 6 -2 1| R — —3Ry+R;
00 1|8 -3 1
So we get that
-1 0 -1
At=16 -2 1
8§ -3 1

(b) Since A is invertible, it has rank 3 (which is the number of rows). So by the

system rank theorem this system is consistent for all choices of a, b, c € R.
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T a
(c) If we let 7 = |xo| and @ = |b|, then we can write this system as AT = 0.
T3 c

Since we know the inverse of A, we have that

-1 0 -1 a —a—c
Z=A""W=|6 -2 1| |b|l=|6a—2b+c
8 -3 1 c 8a—3b+c¢

(d) Notice the eigenvectors given are the columns of A. This means that if we
diagonalise B, then we get
B=ADA™!

where D = diag(—1,1,1). Writing this in full we have
1 3 -2 |-1 0 O] (-1 0 -1
B=|2 7 =5 0 10 6 -2 1
-2 -3 2 0 01 8§ =3 1

If we were to complete this computation (which is not necessary) we would

find
3 0 2
B=14 1 4
-4 0 -3

Q23. Let P be a plane in R? through the origin with normal vector 7. Suppose that £ is a line
(also in R?) going through ¥ with direction vector . Suppose further that 7 - ¥ = 0.

(a) Write down a vector equation for the line L.
(b) Prove that if @ € P then L is contained in P.

Solution: (a) One vector equation for L is
7=7+17

for all t € R.

(b) Let @ € P. Since 7 is a normal vector for P, this means that 77 - 7 = 0 if and
only if p € P. In particular we have that @ - 7 = 0.
Now take any Terl. By the above vector equation, we can write =0+t
for some t € R. It follows that

-
C-n=

—

U+td)-d=(u-10)+t(v -17)=0+t0=0

So we have that ¢ - 77 = 0, and so it follows that 7 € P. Hence L is contained
in P.
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Q24. Recall that the trace of a matrix is the sum of the diagonal entries. Let A, B € M, (F) with

entries
air a2 - Glp bir b1z -+ bin
az1 G2 -+ G2n bor baa oo bop
A= . . _ ] and B =
apl Ap2 -+ QAapnp bnl bn2 cee bnn

(a) Express tr(A) in terms of the entries of A.
(b) Express the (7, j)-th entry of matrix product AB, in terms of the entries of A and B.

(¢) Use the previous two results to find an expression for tr(AB) in terms of the entries of
A and B.

(d) Use part (c) to show that tr(AB) = tr(BA).
(e) Use part (d) to show that if S, T € M, (F) are similar matrices, then tr(S) = tr(T).

Solution: (a) Applying the definition we get

tr(A) = Z Ak
k=1

(b) Applying the definition we get

n
(AB)ij =) aqby
1=1
(c¢) Using the previous parts, we have that

n n

(AB)ie = > ) agibu
k

=1 l=

NE

tr(AB) =

e
Il
—_
—_

(d) From before we have that

tr(AB) = Z(AB)kk = Z Z aribik
k=1 k=1 1=1
In a similar way we have
tr(BA) => (BA)y=>_Y bpax
=1 =1 k=1

By reordering the summations (and using commutativity of F), we see that

DO awbe =) biwa

k=1 =1 =1 k=1

Thus it follows that tr(AB) = tr(BA).
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(e) Let S,T be similar matrices, so that S = PTP~! for some invertible P €
M, (F). Let A= P and B = TP~!. Then using tr(AB) = tr(BA) we have
that

tr(S) = tr(PTP™!) = tr(AB) = tr(BA) = tr(TP~' P) = tr(T)
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